ABSTRACT A complex refinement of the structure of the battery cathode material, Li 1.2 Mn 0.4 Ni 0.3 Co 0.1 O 2 , using neutron and resonant diffraction data is used to demonstrate SVDdiagnostic as a useful tool to diagnose problems in the least squares normal matrix. SVDdiagnostic examines both the unprocessed and pre-conditioned matrices and outputs a 'condition' number as well as combinations of variables causing pseudo-singularity. Shrewd use of this diagnostic tool allowed structural details to be extracted that would otherwise be obliterated by large parameter correlations in such a complex simultaneous refinement.
INTRODUCTION
One common feature of all Rietveld refinement codes is the inversion of the least-squares normal matrix. This matrix becomes larger and more complex with the number of variables being refined simultaneously. Most Rietveld codes stabilize the least-squares matrix with some kind of preconditioning. This may take the form of an arbitrary diagonal matrix P to derive an alternative matrix B from C using C = P · B · P, where C = A T · A is the matrix of normal equations used for solving an over-determined system of weighted observations A · x = b through the equation A T ·A · x = A T ·b. Solutions are obtained as x = C -1 · A T ·b. If the diagonal matrix P is set with element P ii = (C ii ) 1/2 , it follows that P ii -1 = (C ii ) -1/2 . Accordingly, B ij = C ij (C ii C jj ) -1/2 while C ij -1 = B ij -1 (C ii C jj ) -1/2 . Inverting B and obtaining C -1 from B -1 is usually more stable than inverting C directly.
In the numerical inversion of a matrix, one of the most important values is the ratio of the largest to the smallest singular values in the matrix -known as its condition number (CN). Numerical analysts regard log 10 (CN) to be the minimum number of decimal digits required to avoid catastrophic error propagation. Most Rietveld codes use double-precision, or 14 digits. Consequently a log 10 (CN) greater than 14 is a serious problem. The matrix that Rietveld codes actually invert is the preconditioned matrix, which usually has a much smaller CN. However, a large CN for the unprocessed matrix can still signal potential problems, even if the CN of the pre-conditioned matrix is satisfactory. This is because different values for a single variable or linear combination of variables in a given refinement model may give rise to nearly the same optimal calculated powder pattern, thus leading to large CN for the unprocessed least-squares matrix. Using the program SVDdiagnostic [1, 2] , it is shown here that such problematic variables can be identified through singular value decomposition of the unprocessed least-squares matrix, and then dealt with in order to improve the reliability of such ill-conditioned refinement.
The lithium battery cathode material Li 1.2 Mn 0.4 Ni 0.3 Co 0.1 O 2 is a complex one for a full structural analysis. A combination of the presence of lithium, neighbouring transition metals, a monoclinic symmetry and anisotropic broadening make for a complex problem. Neutron diffraction data is more sensitive to the lithium than X-rays but the sheer number of cations sharing sites requires more information that it can provide to pinpoint the individual elements. A potential solution to this issue is the use of resonant diffraction at a synchrotron [3] . This technique was used successfully for a simpler mixed metal lithium battery cathode material [4] , so it has been applied in this instance.
EXPERIMENTAL
Li 1.2 Mn 0.4 Ni 0.3 Co 0.1 O 2 was synthesised using a sucrose-based synthesis route described elsewhere [5] . The ratio of Mn:Ni:Co was measured using a fully calibrated wavelengthdispersive XRF method on borate fluxed beads, and found to be 48.1% Mn, 38.7% Ni, 13.1% Co, which is very close to the nominal composition (50.0 % Mn: 37.5% Ni: 12.5% Co). Neutron diffraction data were obtained in a vanadium sample can using the DUALSPEC C2 high resolution powder diffractometer at the Canadian Neutron Beam Centre, Chalk River, Ontario. The vanadium reflections from the sample can were included in the refinement using the neutron dataset as a second phase. Synchrotron data were obtained at 0.65Å (off-edge), 1.893Å (Mnedge) and 1.605Å (Co-edge) using the X3B1 beamline at the National Synchrotron Light Source, Brookhaven National Laboratory.
The data analysis was carried out using Topas 3 [6] . The datasets were weighted to avoid the more intense datasets overwhelming the others. The X-ray datasets were weighted to have an equal contribution, while the neutron dataset was weighted to have a 50% contribution to the overall refinement. Although the X-ray datasets show differences in relative intensities, the element contrast in the neutron data is much greater, so justifying a greater weighting. The ratio of transition metals was used to construct constraints to maintain this ratio whilst allowing the elements to move between sites, and the lithium-to-transition metal ratio to refine. The choice of the neutron data weighting factor affected the refined lithium content more than the transition metal ions, with a reduction in the refined lithium content of approximately 0.02 on scaling the neutron diffraction data as equal to the individual X-ray datasets as opposed to 50% of the total. These effects will be discussed in a forthcoming journal paper. The sites were all assumed to be fully occupied. The data had insufficient contrast to allow this constraint to be removed, but it is thought that the assumption is valid. The structure of this cathode material has been shown to collapse to a layered R-3m structure on the removal of lithium from the transition metal site [7] , so it is not likely to tolerate a high level of vacancies.
Full-pattern anisotropic broadening was fitted using a spherical harmonics convolution of a Lorentzian function. The more severe broadening from √3a × √3a short range ordering was fitted arbitrarily by application of another Lorentzian profile to specific hkl reflections. Although no physical information can be inferred from the profile fitting, it does allow the intensities of the reflections to be modelled more accurately and used within the structural refinement.
The A-matrix and correlation matrices were output into the Topas 'out' files to be read into SVDdiagnostic [1, 2] . Both the unprocessed and preconditioned matrices were analysed and the generated text file examined for both the CN and problematic variables.
RESULTS AND DISCUSSION
The structure refinement progressed to a satisfactory conclusion after fitting the anisotropic broadening. The fits to the 0.65Å data without and with the broadening corrections are shown in Figure 1 (a) and 1(b) respectively. Although the corrections did not significantly affect the overall lithium to transition metal ratio, it did alter the distribution of transition metals across the cation sites.
Analysis of the matrices from the initial fit yielded unacceptable log 10 (CN) of 26 and 20 for the unprocessed and preconditioned matrices respectively. This means that both matrices were singular for double precision arithmetic. Examination of the variable contributions to the quasisingular eigenvectors revealed the parameters that were contributing to the poor conditioning, such as spherical harmonic and background parameters. Subsequently, the values of these parameters were fixed. Further cycles of refinement and matrix analysis revealed issues with size broadening, thermal parameters, lattice parameters and scale factors. Ideally one would like to keep the crystal structure refining, therefore parameters such as size and strain broadening were fixed in order to further improve the CN. It was possible to improve the log 10 (CN) to 10 and 4 respectively for the unprocessed and preconditioned matrices without fixing any structurally important parameters (lattice parameters, atom coordinates, thermal parameters, refined occupancies with the constraining scheme described above).
Two theta (degrees) Table 1 . Some standard uncertainties (SUs) are quite high, but not catastrophic as is the case with quasi singularity. The overall effect of the procedure applied to improve the conditioning was then to reduce large parameter correlations, thereby allowing structural variables to be extracted reliably.
An interesting feature of the structure is that the transition metal occupancies on the 4g and 2b sites is far from the random distribution assumed by the average R-3m structure. Figure 2 shows that the lithium-containing 2b site is nickel-rich whilst the 4g site (with the smaller metal-tooxygen bond length) is nickel-poor compared to that expected for a random transition metal distribution (Table 1 ). This might be expected where nickel is in the +2 oxidation state as the radii of Li + and Ni 2+ are quite close. In this material however, nickel is formally in the low spin +3 oxidation state, and the radii is closer to Mn 4+ and low-spin Co
3+
. Table 2 compares the refined bond lengths with those expected from bond valence considerations. As all published bond valence parameters are for high-spin states, so values for low-spin Co 3+ and Ni 3+ were derived from ICSD entries for LiCoO 2 and LiNiO 2 . The agreement between the refined and theoretical values is very good, showing that the structure is self-consistent from a crystal chemistry standpoint. 
CONCLUSIONS
The program SVDdiagnostic has been used to produce a refined structure with respectable SUs from a very complex refinement. The output from SVDdiagnostic helped identify problematic parameters which could safely be fixed in order to reduce parameter correlations that prevented the reliable extraction of structurally important variables.
The combined neutron and resonant diffraction study has shown that the transition metals in the C2/m Li 2 MnO 3 -type structure show distinct preference for particular sites. Only nickel has significant occupancy on the lithium sites, despite the fact that it is nominally in the +3 oxidation state in this material. Table 2 . Analysis of the refined bond lengths versus the theoretical values based on the refined occupancies and bond valence parameters.
